Abstract. In this work we study pseudo-parallel Lagrangian submanifolds in a complex space form. We give several general properties pseudo-parallel submanifolds. For the 2-dimensional case, we show that any minimal Lagrangian surface is pseudo-parallel. We also give examples of non minimal pseudo-parallel Lagrangian surfaces. Here we prove a local classification of the pseudo-parallel Lagrangian surfaces. In particular, semi-parallel Lagrangian surfaces are totally geodesic or flat. Finally, we give examples of pseudo-parallel Lagrangian surfaces which are not semi-parallel.
Introduction
An isometric immersion f : M n →M N of an n-dimensional Riemannian manifold into a N -dimensional Riemannian manifold with metric , is called pseudo-parallel if its second fundamental form α satisfies:
for some real valued smooth function ϕ on M and for any X and Y vectors tangent to M , where R is the curvature operator of the Van der Waerden-Bortolotti connection ∇ of f and X ∧ Y is the operator given by (X ∧ Y )Z = Y, Z X − X, Z Y . So, M will be referred as a ϕ-pseudo-parallel submanifold ofM . Pseudo-parallel immersions have been studied in [1] , [2] , [21] and in [23] for the case ofM be of constant sectional curvature. In real space forms, the pseudo-parallelism condition is the extrinsic analogue of pseudo-symmetry in the sense of Deszcz [18] . Recall that a manifold M is pseudo-symmetric if the curvature tensor R of M satisfies: for any X and Y vectors tangent to M , being ψ some real valued smooth function on M . So, in ambients with constant curvature, any ϕ-pseudo-parallel submanifold is intrinsicly a ϕ-pseudo-symmetric manifold, see [1] . However, in general, pseudo-symmetry does not imply pseudo-parallelism, see [1] .
Pseudo-symmetric manifolds have been studied by many authors from several viewpoints but there is not available a complete classification yet [3] . When ψ = 0 in (1.2), M is called a semi-symmetric manifold and they were classified in [28] .
A semi-parallel immersion [17] is determined by ϕ = 0 in equation (1.1) . Recall that a parallel immersion is defined by ∇α = 0. Thus, pseudo-parallel immersions are a generalization of semi-parallel immersions and consequently a generalization of parallel immersions.
It is well-known the classification of parallel immersions in a real space form. However, the classification of semi-parallel immersions in real space forms is still an open problem although several authors have obtained important advances. We can refer to [24] for a survey. Examples of pseudo-parallel immersions in real space forms which are not semi-parallel have been shown in [1] , [2] and [23] .
Pseudo-parallel hypersurfaces of a real space form were classified in [2] . They are either quasi-umbilical hypersurfaces or cyclids of Dupin. Recently a generalization of this result has been obtained in [23] , where a local classification of pseudo-parallel submanifolds with flat normal bundle of a real space form has been proved. For n = 2, in [21] it was given a local classification of pseudo-parallel surfaces. In particular, a constant pseudo-parallel surface with non-flat normal bundle in a 4-dimensional real space form is a piece of a Veronese surface.
First results on pseudo-parallel immersions in almost complex manifolds with constant holomorphic sectional curvature 4c, appear in [22] where a local classification for pseudo-parallel real hypersurfaces has been given. Essentially, pseudo-parallel real hypersurfaces M 2n−1 , n ≥ 2, of a complex space formM n (4c) are either tubes over a totally geodesic CP n−1 or horospheres in CH n−1 or tubes over a totally geodesic CH n−1 . On the other hand, Lagrangian submanifolds of complex space form has been deeply studied from the decade of the 70's. A survey of the principal results in theory of Lagrangian submanifolds can be found in [9] . Since there is no a complete classification of Lagrangian submanifolds, it is natural to study the Lagrangian submanifolds with some additional properties. Therefore, the aim of this paper is to study Lagrangian submanifolds M n of a complex n-dimensional space form M n (4c) which are pseudo-parallel. First we prove several properties of pseudo-parallel Lagrangian submanifolds of a complex space form. In the specific case of H-umbilical submanifolds, we are able to prove that the notion of pseudo-parallelism agrees with that of semi-parallelism. In the 2-dimensional case, we show here that a minimal Lagrangian surface M 2 ofM 2 (4c) is ϕ-pseudo parallel with ϕ = 3 2 K, where K is the Gauss curvature of M 2 . Moreover, we give examples of pseudo-parallel Lagrangian surfaces which are not minimal.
We also give a local classification of pseudo-parallel Lagrangian surfaces as: either totally geodesic or flat non totally geodesic, or minimal with non constant Gauss curvature which is not semi-parallel. In particular, from the classification follows that semi-parallel Lagrangian surfaces of a complex space form are (locally) totally geodesic or flat. Recently, it have been given the local classification of Lagrangian surfaces of constant curvature in a complex space form, see [10] , [11] , [12] and [13] . Combining these results, we can give a full local classification of the semi-parallel Lagrangian surfaces into a complex space form. Finally, here we give some examples of pseudo-parallel surfaces which are not semi-parallel.
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Notations and Preliminaries
Let M N , , be an N -dimensional Riemannian manifold and M n be an n-dimensional submanifold ofM N . On M n , we have a metric induced byM that becomes f : M n →M N into an isometric immersion. In this work we denote by X, Y, Z, W . . . vectors tangent to M , by ξ, η . . . vectors normal to M and by U, V . . . generic vectors tangent tõ M , unless be mentioned otherwise.
As usual, ∇ and∇ denote the Levi-Civita connections of M andM , respectively. Both connections are related by the Gauss formula:
where α is the second fundamental form. Similarly, the Weingarten formula is:∇
where A ξ is the shape operator (which is auto-adjoint) in the direction ξ and D is the normal connection on M . The shape operator and the second fundamental form are related by:
Following the convection of [15] , the curvatureR of∇ is defined by:
and the sectional curvature of a non-degenerate plane spanned by
. If R and R D denote, respectively, the Riemannian curvature tensors of ∇ and D, then the Gauss equation and the Ricci equation are:
The Codazzi equation of the immersion is:
where ∇ = ∇ D is the Van der Waerden-Bortolotti connection. The covariant derivative ∇α of the second fundamental form α is given by:
The operators R(X, Y ), from the curvature of ∇, and X ∧ Y can be extended as derivations of tensor fields in the usual way. So, it following easily from the fundamental equations that R(X, Y ) · α and X ∧ Y · α of expression (1.1) are given by:
In (1.2), R(X, Y ) acts as a derivation similarly. An almost complex structure onM is a tensor field J of type (1,1) such that J 2 = −Id. If J is an isometry, i.e. U, V = JU, JV , we say thatM m is an almost Hermitian manifold, where m is the complex dimension ofM . The most interesting Hermitian manifolds are, maybe, the Kaehlerian manifolds defined by∇J = 0, (i.e. the almost complex structure is parallel).
Two important properties of the curvature tensor of a Kaehlerian manifold are:
The holomorphic sectional curvature of an almost Hermitian manifold is the restriction of the sectional curvature to holomorphic planes (that spanned by U and JU ) of the tangent space. A manifoldM has constant holomorphic sectional curvature 4c if c is a constant such that R (U, JU )JU, U = 4c U 4 for any tangent vector U ofM . The curvature tensor of a space of constant holomorphic sectional curvature 4c,M (4c), is given by:
Finally, for a complex space form we mean a Kaehlerian manifold, complete, simply connected, with constant holomorphic sectional curvature. So, a complex space form is isometric to either the complex projective space CP m (4c) if c > 0, or the complex Euclidean space C m if c = 0, or the complex projective hyperbolic space
A totally real submanifold M n ofM m is said to be Lagrangian when n = m. The following relations are well-known for Lagrangian submanifolds of a Kaehlerian manifold (see for example [5] ):
Moreover, from the Gauss equation we have:
Pseudo-parallel Lagrangian Submanifolds
From the pseudo-parallelism condition (1.1), see also equations (2.1), and the basic concepts introduced in last section, a Lagrangian submanifold M n ofM n will be a ϕ-pseudo-parallel if and only if the following equation holds: If ϕ = 0 in (3.1), then the submanifold M n ofM n is called semiparallel. As a parallel submanifold, ∇α = 0 (in particular, totally geodesic submanifold, α = 0), is semi-parallel, it is obvious that also is a pseudo-parallel submanifold.
Proposition 3.1. Let M n be a ϕ-pseudo-parallel Lagrangian submanifold ofM n . If there is another smooth function ψ that also satisfies (3.1), then ϕ = ψ at least on M − V , where
Proof. If ϕ and ψ are two smooth functions that satisfy (3.1), then we have:
for all X, Y, Z and W vectors tangent to M . For X = Z = W in such a way X and Y are orthonormal, from (3.2) we get:
Now, when X = Z, Y = W and X and Y are orthonormal, we obtain from (3.2): 
This proves the Proposition.
Accordingly, the function of pseudo-parallelism is unique where the second fundamental form does not vanish. In particular, if V = ∅ the function ϕ of (3.1) is completely determined.
From now on, we assume thatM n (4c) is a complex n-dimensional space form of constant holomorphic curvature 4c and that M n is a Lagrangian submanifold ofM n (4c). Proof. Let {e 1 , ..., e n } be an orthonormal frame of M and Z a unit tangent vector of T p M . By (2.4) we get:
Jα(e i , e i ), Z = − α(e i , Z), Je i = − A Je i e i , Z .
So,
Consider now that the frame diagonalizes A JZ , being {λ i } n i=0 the eigenvalues. So, by (3.1) and (2.3):
Recall that a Lagrangian submanifold M n ofM n (4c) is said to be λ-isotropic if there exists a function λ : M n → R such that:
for all unit vector X ∈ T p M and for all p ∈ M n . In particular, if λ is constant then M n is called λ-isotropic constant [27] .
Proposition 3.3.
[26] Let n ≥ 3 and M n be a λ-isotropic Lagrangian submanifold ofM n (4c). Then λ is constant and M n is parallel.
In [20] , semi-parallel isotropic Lagrangian submanifolds were studied. From Proposition 3.3 the hypothesis of semi-parallelism in [20] can be dropped for n ≥ 3, but not for n = 2. Now, recall that a non totally geodesic Lagrangian submanifold M n ofM n (4c) is H-umbilical if its Weingarten operators takes the following form:
A Je 1 e 1 = λe 1 , A Je 2 e 2 = ... = A Jen e n = µe 1 , A Je 1 e j = µe j , A Je j e k = 0, 2 ≤ j = k ≤ n, (3.6) for some suitable functions λ and µ with respect to some suitable orthonormal local frame field [7] . Proposition 3.4. If n ≥ 3 and M n is a Lagrangian H-umbilical submanifold ofM n (4c), then M n is pseudo-parallel if and only if it is semi-parallel and c ≥ 0.
Proof. Let M n be a pseudo-parallel Lagrangian submanifold ofM n (4c) with associated function ϕ. From (2.5) and Proposition 3.2 we have:
If we consider {e 1 , ..., e n } a local orthonormal frame as in (3.6) and we use X = e 1 and Y = e 2 in (3.7), we get:
Now, if we set Y = W = e i in (3.1), and sum over i = 1, ..., n, we obtain:
for any X and Z. If we put X = Z = e 1 in (3.9):
If we substitute X = e 1 and Z = e 2 in (3.9), thus we have:
Finally, if we put X = e 1 and Y = Z = W = e 2 in (3.1), we obtain (3.12) µ(2ϕ − 3(c + (λ − µ)µ) = 0.
So, using that when n ≥ 3 there are not totally umbilical Lagrangian submanifolds with α = 0 inM n (4c) (see [6] ), we obtain from (3.8), (3.10), (3.11), (3.12), after algebraic manipulations, that ϕ = 0 and c = nµ 2 ≥ 0.
When n ≥ 3, from the proof above it follows that pseudo-parallel Lagrangian H-umbilical submanifolds only can happen in C n or CP n (4c) and its Weingarten operators takes the form (3.6) for µ ≡ 0 or λ = (1 − n)µ ≡ 0, respectively.
Recall that a Lagrangian submanifold is minimal if its mean curvature vector H ≡ 0. Hence and from the classification of Lagrangian H-umbilical submanifolds given in [7] and [8] , we obtain the following corollary: Proof. Let M n be a pseudo-parallel Lagrangian submanifold ofM n (4c) with associated function ϕ. We have R(X, Y ) = c 1 X ∧ Y , and from Proposition 3.2, we get that c 1 = 0 or H = 0.
If c 1 = 0, we have from (3.1) that ϕ = 0 or:
for any X, Y, Z and W . If ϕ = 0, then from (3.13), after some algebraic manipulation, we obtain A JX ≡ 0, for any X. So M will be totally geodesic. Now, if c 1 = 0 equation (3.1) yields:
for any X, Y, Z and W . If we set Y = W = e i in (3.14), and sum over i = 1, ..., n, using that H = 0, we obtain ϕ = c 1 (n+1) n or A JZ X = 0, for any X and Z. The second case means that M is totally geodesic. Assume in the following ϕ = c 1 (n+1) n . Use (3.14) with Y = Z = W and X ⊥ Y to obtain:
Hence, A JY X, Z = 0 for any Z ⊥ X, Y . From the scalar product of (3.15) with Y we get A JY X, Y = 0 and by symmetry A JX Y, X = 0. Consequently A JY X = 0. With that and the scalar product of (3.15) with X we obtain A JY Y, Y = 0. In order to conclude A JY Y = 0, recall that A JY Y, X = 0. Therefore, in this case, M n is totally geodesic.
Finally, if M is flat or totally geodesic, trivially it will be pseudoparallel. 
Pseudo-parallel Lagrangian Surfaces
Let M 2 be a Lagrangian submanifold inM 2 (4c) and consider {X, Y } an orthonormal frame of M 2 . Note that R(X, Y )X = −KY and R(X, Y )Y = KX where K is the Gaussian curvature of M 2 . So, the condition of pseudo-parallelism (3.1) is equivalent to:
Remark 4.1. We know that there is no totally umbilical Lagrangian submanifolds except the totally geodesic ones [6] . Then, from (4.1) we obtain that a Lagrangian surface M 2 ofM 2 (4c) with Gaussian curvature K = 0 is semi-parallel. Therefore, any flat Lagrangian surface is an example of pseudo-parallel Lagrangian surface. 
y, is (up to isometry of S 5 (c)) the only pseudo-parallel immersion of a 5-dimensional real space form with ϕ constant which is not semi-parallel. We will see later that there is no pseudo-parallel Lagrangian surfaces ofM n (4c), non semi-parallel, with ϕ constant.
On the other hand, if we compose T : R 2 → S 5 (c) with the Hopf fibration π : S 5 (c) → CP 2 (4c), we obtain a minimal flat Lagrangian surface which is parallel [19] . Hence π • T is pseudo-parallel and also is semi-parallel. Therefore, the Hopf fibration does not preserve, in general, the strictly pseudo-parallel condition in a real space form. 
Proof. From [26] , we know that the minimality of M implies that M is λ-isotropic. Take an orthonormal local frame {e 1 , e 2 } of M and denote α ij = α(e i , e j ). Minimality provides α 11 = −α 22 . If X = cos θe 1 + sin θe 2 , we have:
Since λ is independent of θ, we obtain from (4.2):
Choose θ = π 4 in (4.2) and use (4.3) to obtain λ 2 = α 12 2 . From here and with the Gauss equation we also obtain:
On the other hand, H = 0, so: Therefore, from (4.1), (4.4), (4.5) and (4.6), we concluded that M is ϕ-pseudo-parallel with ϕ = 
where a > 0 and σ(x 1 , x 2 ) = a 2 ; and g : M 2 → C 2 is given by:
,
, is semi-parallel with K = 0 and H 2 = σ 4 = 0. Thus, by Remark 4.1, f is pseudo-parallel but not minimal. This Lagrangian immersion appears in [8] , [14] and [25] .
where a = √ b 2 + c and γ = 2a(a + b), is semi-parallel with K = 0 and, moreover, f b is not parallel. So, H is non-constant. This example is also a Lagrangian H-umbilical immersion and appears in [7] . 
is semi-parallel, with K = 0 and H = 0. So, l b is pseudo-parallel but not minimal. This example is also a Lagrangian H-umbilical immersion and appears in [7] . Now we give our main result: the classification of pseudo-parallel Lagrangian surfaces. (1) Totally geodesic, (2) Flat with ϕ = 0 (semi-parallel) and non totally geodesic,
Proof. If X is orthogonal to Y , from (4.1) we deduce:
Consider the open subsets U 1 = {p ∈ M | α p = 0} and Notice that equations (4.7) also gives that there is no an open subset where H and K are both different from zero.
From Theorem 4.7, we know that semi-parallel Lagrangian surfaces in M 2 (4c) are totally geodesic or flat. Recently, a local classification of Lagrangian surfaces of constant curvature in complex space form has been given in [10] , [11] and [13] . With the help of Proposition 3.6, we know that there are the following number of families of semi-parallel immersions: 9 families for c = 0 [11] , 6 families [10] for c = 1 and 17 families [13] for c = −1. Now, we give explicit examples of pseudo-parallel Lagrangian surface ofM 2 (4c) with c = 0 all due by [4] . θ sin θ cos θ = (1 − (θ ) 2 )(2 cos 2 θ − sin 2 θ), θ(0) = ρ, θ (0) = 0, and a = cos ρ sin 2 ρ, provides a minimal Lagrangian surface which is not totally geodesic [4] . By Proposition 4.3, g ρ is a pseudo-parallel Corollary 4.12. Let f : M 2 →M 2 (4c) be a completed pseudo-parallel Lagrangian immersion. If ϕ and H are constants, then f is totally geodesic or c > 0 and, up to holomorphic isometry, f is the immersion given in the Example 4.2.
